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Abstract: In this paper, based on Jumarie’s modified Riemann-Liouville (R-L) fractional derivative and a new
multiplication of fractional analytic functions, we obtain arbitrary order fractional derivative of two matrix
fractional functions. Fractional binomial theorem plays an important role in this article. In fact, our results are
generalizations of ordinary calculus results.
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I. INTRODUCTION

In recent decades, the applications of fractional calculus in various fields of science is growing rapidly, such as physics,
biology, mechanics, electrical engineering, viscoelasticity, control theory, modelling, economics, etc [1-10]. However, the
definition of fractional derivative is not unique. Common definitions include Riemann-Liouville (R-L) fractional
derivative, Caputo fractional derivative, Grunwald-Letnikov (G-L) fractional derivative, and Jumarie’s modified R-L
fractional derivative [11-15]. Since Jumarie type of R-L fractional derivative helps to avoid non-zero fractional derivative
of constant function, it is easier to use this definition to connect fractional calculus with classical calculus.

In this paper, based on Jumarie type of R-L fractional derivative and a new multiplication of fractional analytic functions,
we can find arbitrary order fractional derivative of the following two matrix fractional functions:

Eq(Acos, (x9)),
and
E,(Asing (x)),

where 0 < @ < 1, and A is a matrix. Fractional binomial theorem plays an important role in this article. Moreover, our
results are generalizations of classical calculus results.

Il. PRELIMINARIES
At first, we introduce the fractional derivative used in this paper.

Definition 2.1 ([16]): Let 0 < a <1, and x, be a real number. The Jumarie’s modified Riemann-Liouville (R-L) a-
fractional derivative is defined by

(o DOf ()] = & [* [T C) ¢ 1)

I(1-a)dx “xo (x—t)%
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where T'( ) is the gamma function. On the other hand, for any positive integer p, we define (xOD,‘g‘)p[f(x)] =
(sDE) (x,D%) = (1, DF)[f ()], the p-th order a-fractional derivative of f(x).

Proposition 2.2 ([17]): If a,B,x,, C are real numbers and 8 = « > 0, then

(xODa)[(x_xo)B] F(F;B;i)l) (x — x0)F~¢, 2)

and

(xD8)IC] = 0. @)
In the following, we introduce the definition of fractional analytic function.

Definition 2.3 ([18]): Let x, x4, and a,, be real numbers for all k, x, € (a,b), and 0 < a < 1. If the function f,: [a, b] -

R can be expressed as an a-fractional power series, that is, f,(x%) = Y- Om( x — xo)** on some open interval

containing x,, then we say that f,,(x%) is a-fractional analytic at x,. In addition, if f,: [a, b] = R is continuous on closed
interval [a, b] and it is a-fractional analytic at every point in open interval (a, b), then f, is called an a-fractional analytic
function on [a, b].

Next, we introduce a new multiplication of fractional analytic functions.

Definition 2.4 ([19]): If 0 < @ < 1. Assume that f,(x%*) and g, (x%) are two a-fractional power series at x = x,,

fa () = B mery @ — %0), (4)
&) = T poigs (= x0)*. 5)
Then
fa(x“)®q ga (x)
= S0 reis (6 = %) @ Tieo s (x = x0)"
o k
= 5o rrern (Bhamo (1) Geombm) (2 = x0)“. (6)
Equivalently,
fa(x*)®q go(x)
®q k Qak
=0 (ﬁ (x - xo)“) ®a Li=o (F(a;-i—l) (x - xo)“)
© k Rqk
= Zk:o%( m=0 (m) ak—mbm) (m (x = x0)* ) : @)

Definition 2.5 ([20]): If 0 < @ < 1, and 4 is a matrix. The matrix a-fractional exponential function is defined by

E(A a)_zoo _Z ( 1 a)@ak 8
(AXT) = 2i=0 4 I‘(ka+1) k=03 \“ Taen) ¥ : ®)

In addition, the matrix a-fractional cosine and matrix a-fractional sine function are defined as follows:

Zk( 1)k 2ka 1 a ®q 2k
c0s,(Ax%) = Y20 A ket = Yheo (2k)l (A r@n” ) , )
and
a o k41 (-1)kx@k+Da e (-1)k 1 o Qg (2k+1)
Sing (Ax®) = iz A r(k+D)a+1) Zi=o (2k+1)! (A ra+) ™ ) : (10)

Theorem 2.6 (fractional Euler’s formula): If 0 < @ < 1,andi = v—1 , then
Eo(ix®) = cos,(x%) + ising (x%). (112)
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Theorem 2.7 (fractional DeMoivre’s formula): If 0 < @ < 1, and k is an integer, then
[cos, (x®) + ising (x%¥)]®«¥ = cos, (kx*) + isin, (kx®). (12)
Definition 2.8: The smallest positive real number T, such that E, (iT,) = 1, is called the period of E,, (ix%).

Theorem 2.9 (fractional binomial theorem): If 0 < a < 1, k is a nonnegative integer, and f,(x%), g,(x%) are two a-
fractional analytic functions. Then

®q (k—m)

oG + 9o Nk = 3o (1) () ® @ (g00x) ™™ (13)

m!

m
where () = s
1. MAIN RESULTS

In this section, we obtain arbitrary order fractional derivative of two matrix fractional functions. At first, we need a
lemma.

Lemma3.1: If 0 < a < 1, and A is a matrix, then

Fa(Acosy () = T e 44 5k, T’:l ) cosq ((k — 2m)x), (14)
and

Eu(Asing (x) = £z S0 445, (X ) [cos 2+ cosy (e — 2m)x®) = sin-sing (e — 2mx)|. (15)
Proof: Eq(Acos,(x9))

= 21?:0% (Acosa (x“))&z *

o 1 k(1 . . a B k . N
= Zk:OEA (5 [E (ix*) + E,(—ix )]) (by fractional Euler’s formula)

k
m

1

o ®q (k—m)
= Zk:o@Ak anzo( ¢

) (Eaix) ®a (Eq(—ix®))®™ (by fractional binomial theorem)

= Z}?:OFERA’( Yk o 71:1 E,(i(k —m)x*)®, E,(—imx®) (by fractional DeMoivre’s formula)
1

(
= Zi=o kizk A o= (
(

3 =

. 1
= Zk:o — A* anzo

ki2k

)
) Eq(i(k — 2m)x®)
)cosa((k —2m)x%).

k
m
On the other hand,

Eq(Asing (x%))

= B0 = (Asing (x©) "

Qg k
=Dreo %Ak (i [E,(ix*) — E, (—ix“)]) (by fractional Euler’s formula)

=¥, k‘—lzk (=)*A* Yk o (::l) (E. (ix“))®”‘ “™ e (E. (—ix“))®”‘m (by fractional binomial theorem)
_1\k
=¥, % (cos %ﬂ + isin %n) AkYE S (71:1) E,(i(k — m)x*)®, E,(—imx%) (by fractional DeMoivre’s formula)
o (D k ..k k .
=YY%, % (cos ?” + isin ?n) ARYE o (m) E,(i(k — 2m)x%)
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_1\k
= Z?:o(k!—?k (cos kz—" + isin k?n) AkYE (7]:1) [cos, ((k — 2m)x®) + ising ((k — 2m)x®)] (by fractional Euler’s
formula)
w (=D k . ,
= Yreo (k!;)k AkYE o (m) [coskz—n ~cos, ((k — 2m)x%) — smkz—n - sing ((k — Zm)x“)] . g.e.d.

Theorem 3.2: Suppose that 0 < a < 1, p is any positive integer, and 4 is a matrix, then

1

(oD%)’ [Ex(Acos,(x)] = X2 A Tho (TI;) (k — 2m)Pcos, ((k —2m)x% +p T4—“)
(16)

and

(oD%)" [Eo(Asing (x)]

=¥Y7, (I:é)kk AkYE o (71:1) (k — 2m)? [cos%ﬂ © COS, ((k - 2m)x%+p T4—“) - sin%ﬂ - sing ((k —-2m)x%+p- Z—“)]
17)

Proof BylLemma3.1,
( 0D,‘j‘)p[Ea(Acosa(x"‘))]
= (002" [0 e A* o () cosa (e = 2m)x)]

1

= Ti-0mmr A Theeo (1) (0D8) lcose (K = 2m)x)]

= Z,‘?’:(JFIZRA" Yk o (r]:z) (k — 2m)Pcos, ((k —-2m)x*+p 2—“) :
And
( OD,‘j‘)p[Ea (Asing (x®))]

= ( oD;cl)p [Z?:o

-1k k T . kmo .
(k!;)k AkYE o (m) [COS% - cos, ((k — 2m)x%) — sm% - sing ((k — Zm)x“)”

w D k P k ko
=YY%, (k!Zk AkYE o (m) (oDF) [cosg cosy ((k — 2m)x%) — smf s sing ((k — Zm)x“)]

o _1\k k T o . T . a
=¥, (k!lz)k AkYE o (m) (k — 2m)? [COS% * C0Sg ((k —2m)x%+p TT) - sm% - sing ((k —2m)x* +p- TT)] .
g.e.d.
IV. CONCLUSION

In this paper, based on Jumarie’s modified R-L fractional derivative and a new multiplication of fractional analytic
functions, we can obtain arbitrary order fractional derivative of two matrix fractional functions. Fractional binomial
theorem plays an important role in this article. In fact, our results are generalizations of classical calculus results. In the
future, we will continue to use our methods to study the problems in fractional differential equations and applied
mathematics.
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